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Abstract. We develop automata-theoretic concepts for hedges, a math-
ematical model for XML documents. First, we define context-free gram-
mars on hedges, and connect our formulation with existing definitions
of regular hedge languages and hedge automata. We also extend regular
automata, push-down automata, and push-down transducers to hedges,
and verify that the well-known correspondences with language classes
in the string case carry over to the hedge setting. Based on the theory,
we introduce a tool TXtruct, which serves as a grammar validator and
transformer for XML and text files.

1 Introduction

XML is a widely used format for structured documents in many applications.
Once documents are written in XML, there are well-established tools to ma-
nipulate them. XML Schema [MTSM™12| is the modern standard for defining
a grammar over XMLs and validating documents against the grammar. XSL
Translation (XSLT) [Kay2I] is another standard for transforming XML docu-
ments into other formats, such as browsable HTMLs. As an example application,
Tact [HOTT7] is a document analysis tool based on XML. Tact reads structured
documents such as industry standards or product specifications written in an
XML format (see Fig. 1eft), and applies natural language processing techniques
for instance to measure distances between sections. Those XML documents can
be transformed into HTML and viewed by browsers.

While XML and HTML are perfect for machines to manipulate, for hu-
mans they are not easy formats to write or edit. As a consequence, Markdown
(cf. [Leol6]) was invented as a human-friendly format for writing structured or
semi-structured texts. Markdown is basically a plain text file with special gram-
mar for structuring, but it also allows HTML snippets. Such semi-structured
documents are called HTML fragments.

While XML documents are widespread, for their theoretical model hedges,
the authors are aware of only basic foundation in the literature: regular hedge
languages [PQ68] and (bottom-up) hedge automata [Mur99]. Therefore, in this
paper we enrich the theory of hedges by importing well-known notions from au-
tomata theory of strings (words). First, we naturally extend regular and context-
free grammars to hedges. We justify our definition by showing that



<tree> # The First Section
<title>The First Section</title>
<body>This is a section text.</body> This is a section text.
<tree>
<title>A Subsection</title>
<body>Texts can be
<em>emphasized</em>.</body></tree>
<tree>
<title>Another Subsection</title> ## Another Subsection
...</tree></tree>

## A Subsection

Texts can be
<em>emphasized</em>.

Fig.1. A simplified snippet of an input XML file for Tact on the left and the same
document in Markdown on the right.

— our regular hedge grammars characterize the existing class of regular hedge
languages defined in the literature;

— the correspondence carries over to the context-free grammars when we nat-
urally extend the existing formulation of regular hedge languages;

— the pumping lemma extends to the context-free hedge languages.

Then we introduce a (top-down) definition of hedge automata, which we prove to
be equivalent to the existing bottom-up definition [Mur99]. We then generalize
to push-down hedge automata, where the top-down nature of our definition
becomes crucial.

Further, we introduce the hedge version of translation grammars and push-
down transducers. We show that hedge relations describable by translation gram-
mars are precisely those describable by push-down hedge transducers.

Based on the theory, we developed a tool TXtruct for defining and validating
grammars over semi-structured documents including XML, Markdown and plain
texts, and at the same time transforming them to other semi-structured formats.
TXtruct is incorporated into Tact, which now supports Markdown files (see
Fig. [1 right) as input and output format. A part of a TXtruct translation file
from Markdown to XML is shown in Fig. 2]

The source code of TXtruct is made available at:

https://github.com/AkihisaYamada/TXtruct

When one is concerned with defining an XML grammar or transforming
XML into other formats, XSD and XSLT are the standard ways. However, since
these standards are not dedicated for defining string grammars or processing
plain texts, they provide only limited support for defining or processing text
contents inside XML elements. In contrast, TXtruct provides dedicated and
uniform support for defining and processing text contents.

When one is concerned with translating Markdown documents into other for-
mats, Pandoc [Dom14] is such a tool. Although Pandoc supports many different
input and output formats, adding a new format requires to implement a new


https://github.com/AkihisaYamada/TXtruct

<txtruct method="xml" indent="no">
<input method="html-fragment"/>
<class name="section">
<option level="1"> <match pattern="#,"/>
<element name="tree">
<call ref="section-body"/>
<call ref="section" level="2" minOccurs="0" maxOccurs="unbounded"/>
</element></option>
<option level="2"> <match pattern="##,"/>...

Fig. 2. A TXtruct translation rule file for translating Markdown into the XML format.

interface. In contrast, TXtruct is a generic tool, where adding a new format is
defining a hedge translation grammar.

2 Hedge Grammars

We assume certain familiarity with string grammars. We refer to a textbook
[CBMTI9] for terminologies unexplained in the paper.
Hedges are extension of strings with unary function symbols.

Definition 1 (hedges). 4 hedge signature is X' = Yo W Xy, where Xy and X
are finite sets of characters and function symbols, respectively. We write X(X)
for Yo w X1 x X, and f(x) for (f,z) € X1 x X. The set H(X) of hedges is
defined by the following grammar:

su=ce|ss|c]| f(s)
where ¢ ranges over Xy and f over 3.

Ezxample 1. In the following examples we consider characters in the typewriter
font, . for space and \n for the new line code are in Xy; and words in roman
font are in Y. We view parts of XML and Markdown of Fig. [ as the following
hedges:

txm1 = tree( title(wr ) body(ws) tree(title(ws) body(ws em(ws) .)))

tmd = # w1 \nws \n## w3 \nwy em(ws) . \n

where w; = The _First _Section, wy = This.is._a._section._text., wg =
A _Subsection, wy = Texts._can.be., and ws = emphasized.

Not all hedges are valid HTML or Markdown; e.g., an HTML file must consist
of a single html element, and br elements must not contain inner content. Hence
we introduce grammars on hedges.



Definition 2 (hedge grammars). Let D be a set, whose elements are called
non-terminal symbols, disjoint with X. The set H(X, D) is defined as H(X")
where X = Xy WD and X} = ¥;. A production rule d — e is a pair of d € D
and e € H(X, D). A context-free hedge grammar (CFHG) is G = (¥, D, dy, R)
where dg € D and R C D x H(X, D) is a finite set of production rules.

We extend some classes of string grammars to hedges. A CFHG is realtime
if every rule is in one of the forms (1) d — €, or (2) d — cey...en, or (3)
d— f(e')ey...e,. It is in Greibach normal form if moreover €’ ey,..., e, € D,
and is regular if moreover n = 1.

Greibach normal form of hedge grammars extends that of string grammars
with case (3). Moreover, it allows case (1) for any d € D, whereas that of string
grammars allows only for dy to admit € in the language. In the hedge setting,
case (1) is crucial for generating hedges such as f(¢).

We may use BNF d ::= e; | --- | e, to represent multiple rules d —
e1,...,d = e,. When the set of rules of concern is clear, we may also use the
extended BNF: expressions e* and (e | --- | e,) represent fresh nonterminals d
with rules d :=¢|ed and d :=¢; | - - - | e,, respectively.

Ezample 2. In examples, symbols in italic are nonterminals. The hedge gram-
mar Gq consisting of the following production rules defines the structure of (a
simplified version of) Markdown.

sectiony :=# . line\n lines sectiong™
sectiong ::= ## _line\n lines sections™ ...
line := ¢ | char line | element line lines := ¢ | line\n lines
char :=_|0|a|A]--- element ::= br() | em(lines) | - -

Ezample 3. The following regular hedge grammar describes the (simplified) XML
format that Tact can read:

trees ::= € | tree(tree) trees
tree ::= title(text) tree’ tree’ ::= body(text) end end =¢
text :=¢€ | = text | O text | a text | A text | br(end) text | em(text) text | -

Definition 3 (hedge languages). A hedge language is a set of hedges. For
a set R C D x H(X,D) of production rules, e € H(X,D), and s € H(X), we
define when R F e : s holds by the following inference rules:

Rie:s Rie:s RlFe:s
REe:e RlFee :ss RbEd:s

RFe:s
RbEc:c Rt f(e): f(s)

if d—e

We define the hedge language generated by a CFHG G = (X,D,dy, R) as
L(G) :={seH(X)|RFdy:s}. A hedge language is context-free if it is gen-
erated by a CFHG.



Theorem 1 (Greibach normal form). Every context-free hedge language is
generated by a CFHG in Greibach normal form.

This theorem will be proved more generally in Section

3 Correspondence with Existing Formulations

In this section we justify our definition of regular hedge grammars by showing
that a hedge language is generated by a regular hedge grammar if and only if
it is a regular hedge language [PQ68]. We also show that this equivalence holds
when replacing regularity by context-freeness. This suggests pumping lemmas for
languages generated by regular or context-free hedge grammars. Finally, we show
that the balanced-string representation [MTO06] of context-free hedge languages
is strictly less expressive than context-free string languages.

3.1 Levelwise Definition of Hedge Languages

Pair and Quere [PQG6S8] defined regular hedge languages via regular string lan-
guages. We extend their definition also to context-free languages. First, their
formulation considers truncation of hedges into the string of the root symbols.

Definition 4 (root word). The root word 3 € X* of a hedge s € H(X) is
defined by € =¢;cs =cs if c € Xo; and f(s)s' = fs if f € Y.

Their definition then considers the set of root words that can occur under each
function symbol. We formulate the notion concisely using contexts.

Definition 5 (f-productions). A hedge context C' is a hedge, where a spe-
cial character O occurs exactly once. We write C[s] for the hedge obtained by
replacing O by s. Given f € X, the set Pr(s) C X* of f-productions of a hedge
s € H(X) is defined by Pr(s) := {s' | 3C. s = C[f(s)]}.

Definition 6 (grammatical language). Given a family L. = {Lz}xezlu{e}
of string languages over X, the grammatical (hedge) language induced by L_ is:

g(L_) = {S S H(Z) | s€ L, /\Vf e . Pf(s) - Lf}

We are not yet there; Pair and Quere’s formulation further allows to tran-
scribe signatures used in grammatical languages into the target signatures.

Definition 7 (transcription). A transcription p : X' — X over hedge signa-
tures X' to X is a pair of mappings po: X{ — Xo and py: X — Xy, We write
et for uo(c) and f* for pi(f). Given s € H(X', D), we define u(s) € H(X, D)
by u(e) = ¢, ples) =" p(s), p(f(s)s') = f"(u(s)) u(s'), and p(ds) = dpu(s).

Definition 8 (hedge languages [PQG68]). We say that a hedge language H C
H(X) is regular (resp. context-free) if there are hedge signature X', transcription
w: X — X, and family L. = {Lm}mezgu{s} of regular (resp. context-free)
languages such that H = u(G(L.)), i.e., {u(s) | s € G(L.)}.



In [PQ68], regular hedge languages are actually defined as those languages
that are recognized by binoids, and it is then proved that this is equivalent to
the above definition. Another equivalent characterization proved there is that the
class of regular hedge languages is the smallest class containing finite languages
and closed under several operations such as boolean operations, concatenation,
iteration, and transcriptions (similar to Kleene’s theorem).

The following theorem justifies our terminology based on hedge grammars.

Theorem 2. A hedge language is context-free (regular) if and only if it is gen-
erated by a context-free (regular) hedge grammar.

Proof.

(=) Consider a hedge language given by transcription p : X — X and family
{L.},c 21U{e} of context-free (regular) string languages. Suppose that each
L, is generated by a string grammar G, = (X', D,,dy s, R;) which is in
Greibach normal form (regular). Without loss of generality, we assume D,
are pairwise disjoint. We define i : X' — H(X, D) by ji(c) = ¢* and j(f) =
f*(do,f), and extend naturally on (X' U D)*. Now consider CFHG G =
(X, D,dy,R") defined by D = Umezgu{s} D, and

Rt={d— j(e)|d—e€R,, v€ X U{ec}}
Note that G* is regular if all G, are regular. We first prove
R,Fd:w and RFF ji(w):s implies RFEd:s (1)

by induction on the former derivation. By the assumption on G, we must

havey € X', d — ydy...d, € Ry, and w = yw; ...w, such that R, - d; : w;

for each i. With the second premise, we know s = s’s;...s, such that

R*F f(y) : s and R* & fi(w;) : s;- So by induction hypothesis (IH) we have

RFEd;:s;. We conclude RFEd: s sy...8, withd — [i(y)dy...d, € R*.

Let us prove now that u(G(L.)) = L(GH).

(C) Let s € p(G(L.)), so there is s’ € G(L.) with u(s’) = s. We show
s € L(GHM), that is, RF Fdp. : s. By s € G(L.) we know R. - do. : ¢,
so thanks to , it suffices to show R* I i(s’) : s. We prove that R* -
f(s”) : u(s") for any subhedge s” of s’ by induction. Let s” =t ...t,
with t1,...,t, € X/ (H(X")). We conclude by showing R* I ii(t;) : u(t;)
for all i. If ¢; € X, then fi(t;) = p(t;) and we are done. Let ¢; = f(t').
Then (E;) = if) = f*(do.s) and pu(t:) = f*(u(t)). By TH R - (7)) :
p(t"), and since f(t') is a subhedge of s’ € G(L.), we know Ry - dg ¢ : t'.
By we get R¥ = dy s : pu(t') and we are done.

(2) We prove that, if R* Fd: s for x € X} U{e} and d € D,, then there
exists s’ € H(X') such that s = pu(s’), Ry b d : s/, and Pp(s’) C Ly.
This is sufficient, since if s € L(G*), i.e., R* F dy . : s, then we obtain s’
such that s = u(s'), R- - do. : ' and Ps(s’) C Ly, i.e., s € G(L.), and
thus s € pu(G(L.)). We prove the claim by induction on the derivation of
RF +=d : s. The following three cases are possible:



—d—e€ R, and s = ¢. Then s’ = ¢ works.

—d—>cdy...dy € Ryy s = c*sy1...8m, and R* + d; : s;. By IH
we obtain s},...,s!, such that R, - d; : s} and s; = pu(s’). Thus
s’ =ecs)... s, works.

—d— fdi...dm € Ry, s = fH(t)s1...5m, R* F doy : t and R*
d; : s;. By IH we obtain ¢’ such that ¢t = pu(t') and Ry & do s : ¥,
i.e., ¥ € Ly, which is needed as t’ € P¢(s'); and s, ..., s, such that
R, d;:s; and s; = p(s}). By s/ = f(t') s} ...s!, we conclude.

(<) Let G = (¥, D,dy, R) be a hedge grammar in Greibach normal form. We
view X (D) as a hedge signature, whose characters are original characters
and function symbols are of form f(d). Transcription p : X(D) — X' is given
by ¢* = ¢ and f(d)" = f. Then we consider the family {Ga}tien(p)uge
of string grammars (¥(D), D, dy ., R), where dy. = do and dy yq) = d.
Note that they are regular if G is regular. Consider the hedge grammar
G*" obtained from {G,}, as in the (=) direction above. Observe that this
grammar is exactly the same as G except that the non-terminals have been
duplicated. It is easy to see that u(G(L(G.))) = L(G*) = L(G). O

This correspondence with string languages at each level allows us to prove a
pumping lemma for regular and context-free hedge languages. In the following,
we formulate one in the case of context-free languages.

Lemma 1. Let H C H(X) be context free. Then there exists p € N such that
if Cls] € H and |3| > p, then s has a decomposilion s = s1 S S3 84 S5 satisfying
[525351] <p, |53] + |52 > 0, and C[s1 55" s3 84" s5] € H for any m € N.

Proof. By Theorem [2| there are a signature X’, family L. = {Lr}rezgu{s} of
context-free string languages over X', and transcription g : X’ — X such that
w(G(L.)) = H. For each xz € X' U {e}, the pumping lemma (see [BPS61]) on L,
gives p, € N such that every word w € L, with p, < |w| has a decomposition
w = wiwowzwaws with [wowsws| < pg, |we|+|ws| > 0, and wywwswiws € L,
for any m € N. Define p = max{p, | x € X1 U{e}}.

Consider now s with [5| > p and C[s] € H = u(G(L.)). Hence there exists
t'" € G(L.) such that C[s] = p(t'), and hence t' = C’[¢'] with u(C’) = C and
p(s) =s. Letx =cif O’ =0and x = f'if ¢’ = C”[f'(0O)]. Since C'[¢'] € G(L.),
we know s’ € L,. Moreover |?| = [5| > p > p.. So by the pumping lemma in
L., we decompose s’ = wjwowswsws as above. So let s’ = s} s, s} s} st with
s = w;, and let s; = p(s).

Now we prove C|s1 s§* s3 sJ* s5] € H. By construction, it means to prove that
tr, = C'[s] (s5)™ s (s4)™ s5] is in G(L.). This holds because P,(t,) C P,(t') C
L, if y # x and P,(t],) C P(t') U {wyw5'wswi*ws} C L, since t' € G(L.) and
by the pumping lemma in L. ad

3.2 Balanced-String Representation

Here we consider representation of hedges as balanced strings over paired al-
phabets [MTO06]. Given a hedge signature X, we define the paired alphabet by



= Eou{f,f ‘ f € X1}. The string representation § € 2* of a hedge s € H(X)
is defined as follows:

— ~ o~

E=¢ 5182 = 81 82 c=c f(s)=f57
Given a hedge language H, we let H = {s|se H}.

Theorem 3. Let H C H(X) be a context-free hedge language. Then H - 5% is
a context-free string language.

Proof. Let H be generated by a hedge grammar G = (¥, D, dy, R) in Greibach
normal form. Define the context-free string grammar G = <E , D, dy, R> by

R={d—¢|d—eeR}
where = is extended with d = d. Let us prove that £(G) = H.

(C) We show by induction on the derivation that Rrd:w implies Rt=d : s
for some hedge s with § = w. Three cases are possible:
—d—sec€Randw=c¢. R
—d—cdy...dp € R,w=cwi...wy, and Rt d; : ¢; for each i._
—d— f(d)dy...dy € R, w= fwfw...w,, REd :w' and RF d; : w;
for each 1.
We only consider the last case, as other cases are trivial or similar. Induction
hypothesis gives s’, s1,..., s, such that s’ =w', R+d' : ¢, 8 =w;, RFd; :
s; for each i. By letting s = f(s') s1...s, we have § = w, and we conclude
R d: s by an obvious derivation.
(D) It is enough to prove by induction on the derivation that R+ d : s implies
R d: 3. Three cases are possible:
—d—e€Rand s=ce.
—d—cdy...dy,s=cS81...8,,and RF d; : s; for each i.
—d— f(d)dy...dp,s=f(s')s1...80, REA : s, and R+ d; : s;.
We only consider the last case as the other cases are trivial or similar. By
IH we have R + d :s and R+ d; : 5. Sinced — fd'fdy...d, € R, we
conclude REd : s. O

The converse of the above theorem does not hold.

Proposition 1. There is a hedge language H C H(X) such that HC 5% s
context free but H is not context free.

Proof. A counterexample is given by the following string grammar:
Wae=fXx X:::\f|aXa\bXb

where Yy = {a,b} and ¥y = {f}. This grammar generates the string represen-
tations of hedges from {f(w)w°P | w € X}, where w°P is the reverse of w. This
hedge language is not context-free: Suppose on the contrary it is context-free. By
Lemma on f(w) w°P with w long enough, we are able to pump inside f, that is,
we can decompose w = wywewzwaws with |wowy| > 0 such that f(wqwzws) woP
would also be in L. This is impossible because |wjwsws| < |w]. O



Although the class of hedge languages with context-free string representations
differs from the class of context-free hedge languages, they share an interesting
property: languages in these classes are “regular in depth” (though they can be
non-regular in width). This contrasts with another context-free notion, context-
free tree languages [Rou69], which can be “non-regular in depth”.

We formalize the claim. The path language path(s) of a hedge s is defined by

path(e) = path(c) = {&} path(s; s2) = path(s1) U path(ss)
path(f(s)) = {fp | p € path(s)}.

The path language path(H) of a hedge language H is the union |J, . path(s) of
paths of hedges s € H.

Lemma 2. For a hedge language H, szAI is context free, path(H) is regular.

Proof. We explicitly construct a grammar for path(H), based on the analysis in
IMTO06] of context-free string grammars that always generates matched tags. O

As a consequence, there exists a hedge language generated by a context-free tree
grammar whose string representation is not context free.

4 (Push-Down) Hedge Automata

Here we present our definitions of regular and push-down hedge automata. Given
aset X, we write X” for X & {e}. For simplicity, we do not assume a set of final
states, but extend Q to Q° and use ¢ as the unique final state.

Definition 9 (hedge automaton). A hedge automaton is A = (¥, Q, qo,0)
where qo € Q is the initial state, and § C Q x X(Q)" x Q is the set of transition
rules. We denote a transition rule (q,a,q') € § by ¢ = ¢'.

We formulate runs of hedge automata as a transition relation over configu-
rations. Unlike the string case, a configuration is not just the pair of the current
state and remaining input (Q x H (X)), but additionally maintain a worklist in
(Q x H(X))*, assigning parts of input to states.

Definition 10 (runs). Given a hedge automaton A = (X, Q, qo,9), we define
binary relation —s over Q x H(X) x (Q x H(X))* as the least relation such that:

1. ¢ 5 ¢ €6 implies (q,s, W) —5 (¢, s, W);
2. ¢ q €6 implies (q,cs, W) =5 (¢',5,W);

3. q M q" € 6 implies {(q, f(s) 8", W) —=s (¢, s,{q",s") W);

4' <€7 g, <qa SI> W> -5 <q7 8/, W>

We say that A accepts a hedge s € H(X) if (qo,s,€) =5 (€,€,€). We write L(A)
for the set of hedges that A accepts, and say that A recognizes the language L(A).



Item I of Definition [I0]is the e-transition: it moves states without touching
the input (and the worklist). Item 2 is the character transition, which reads a
character from the input and moves states. Item 3 is specific for hedge automata:
it reads the function symbol f from the current input f(s)s’, moves on to read
the argument s in state ¢/, and assigns the remaining s’ to state ¢” in the
worklist. Item /4 tells that if the current input was successfully read, and the
worklist assigns s’ to ¢/, then one should proceed to this task.

Ezample 4. Consider a hedge automaton A = (¥, {qo, q1,92}, g0, 0), where Xy =
{a,b,...}, X = {tree, title, ...}, and § consists of the following transition rules:

tree(q1) title(g2) body(g2)

0> Q—q0 @ ——>q @3 —— Q0
e em(qz2) a b
g2 — € g2 — Q2 q2 — Qg2 g2 — Qg2

A accepts the hedge t,, of Example[l] as illustrated by the following run:

{(qo, txm1,€) = {(qo, tree(title(w; ) body(ws) tree(...)),e)
—s (g1, title(wr) body (ws) tree(. . .), (g0, €))
—s (g2, w1, (g3, body(ws) tree(. . .)) {qo, €))
—3 (e,¢, (g3, body(ws) tree(. . .)) (g0, €))
—s (g3, body(ws) tree(...), (g0, &))
—5 (qo, tree(...), (qo, €)) =5 (€:€,(q0,€)) =6 (90,€,€) =5 (€, €,€)

As in the string case, hedge automata characterize regular hedge languages.

Theorem 4. A hedge language is reqular if and only if it is recognized by a
hedge automaton.

Proof. We can assume that a hedge automaton contains no transition rule of
form ¢ % ¢ for a € X(Q): One can replace such rules by ¢ = ¢, where € is a
fresh state with transition rule e = e. Then, the following ¢ is bijective from
regular hedge grammars to such hedge automata: For regular hedge grammar
G = (X, D,dy, R), hedge automaton ¢(G) = (X, D, dy, d) is defined by

§:={dSe|d—wecRiu{d>d |d—adcR}
It remains to show L(G) = L(¢(Q)).

(€) We show R F d : s implies (d, s, W) —3 (e,e, W) for any W by induction
on the derivation of Rt d: s. We have the following cases:
l.d—sc€Rand RFe:s Thens=¢,d > ¢ €6, and thus (d, s, W) —;
(e, e, W).
2.d—scd eRand Rtcd :s. Thend 5> d €6, s=cs and R-d : 5.
Thus (d, s, W) —5 (d',s', W) and by IH (d’,s', W) =% (e,e,W).
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3.d— f(d)d" € Rand Rt f(d')d" : s. Then s = f(s")s”", R+ d : &,
and R+ d” :s"”. Thus

(d, s, W) =45 (d',s' (d",s") W)
—5 (e, e, (d",s") W) by IH
—5 (d", 8" W)
—s (e, e, W) by IH

(2) We show (d,s, W) =¥ (e,&, W) implies Rt d : s by induction on n.
— n=0: Then s =¢,d=¢ and hence R+ d : s.
—d S5 d €d,s=cs,and (d,s,W) =5 (d,s, W) —>5_1 (e,e,W): By
IH we have RF d' : s’ and thus RF c¢d' : ¢s’. Since d — c¢d’ € R, we
conclude R d : s.

—d—>d"€d,s= f(s)s", and

<d7 S, W> -5 <d/7 sla <d”7 SH> W>
=¥ (e,e (d, S YW) =5 (d', 8", W) =7 (e,e, W)

with k+m +2=n. Then d — f(d')d” € R. By IH we have R+ d' : ¢
and R d"” : s”. Therefore Rd: f(s')s" =s. O

While our hedge automaton works top-down, that is, it reads the hedge from
root to leaf, there is a bottom-up equivalent introduced by Murata [Mur99):

Definition 11. A Murata hedge automaton is A = (¥, Q, ¢, F, A) where ¢ C
Yo X Q (initial relation), F C Q* is a reqular set (of final states), and A C
Q x X1 x Q* (transition relation) such that {w € Q* | (g, f,w) € A} is a regular
language for each g € Q and f € Xy. The relation — 4 over H(X, Q) is defined as
the congruence generated by ¢ — 4 q if {¢,q) € v and f(w) —4 q if (¢, f,w) € A.
We say that a hedge s € H(X) is accepted by A if s =% w for some w € F.
The language L(A) of A is defined as the set of hedges accepted by A.

Theorem 5. A hedge language is recognized by a hedge automaton iff it is rec-
ognized by a Murata automaton.

Proof. Thanks to Theorem 4| and Theorem [2, a hedge language is recognized
by a hedge automaton iff it is regular. We prove that the latter is equivalent to
being recognized by a Murata automaton.

(=) Consider a transcription g : X' — X and family {Lw}xeziu{s} of reg-
ular languages. Define Murata automaton A = (X, X'+, L., A) by ¢ =
{{c*,¢) |ce X} and A = {(f, f*,w) | f € 2], w € Lyg}. It is easy to
see that u(G(L.)) = L(A).

(<) Consider a Murata automaton A = (X, Q,t, F, A). Define signature X’
by X! = @Q x X, transcription p : X' — X by (¢,x)" = z, and family
{La}yesiugey by Le = Fand Lig gy = {{q1, f1) - - {@n: fu) [ (@ frq1 - - an) €
A}, which are regular. It is easy to prove that L(A) = a(G(L.)). O
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Compared to Murata’s formulation, our top-down definition of hedge au-
tomata is more friendly for extension to push-down hedge automata and hedge
transducers. Here we introduce a hedge version of stateless push-down automata.
As in the string case, the difference to the hedge automata is that the target
of each transition rule becomes a sequence of states (stack symbols). Similarly,
each configuration has a sequence of states instead of a single state, replacing

Q" by Q.

Definition 12 (push-down hedge automaton). A push-down hedge au-
tomaton (PDHA) is A = (X,Q,qo,0) where § C Q x X(Q)" x Q*. We define
binary relation —s over Q* X H(X) x (Q* x H(X))* by

q = v e s implies (qu,s, W) =5 (vw,s, W);
q = v € 6§ implies (qu,cs, W) —5 (vw, s, W);
¢ L% v € 5 implies (qu, f(s) 8, W) =5 (q,s, (vw, ') W);

<€7€7 <'(U, S> W> e <w7 S, W>

~
~

1.
2.
3.
4.

As in the reqular case, A accepts s € H(X) if (o, s,e) =3 (¢,¢,¢). The language
L(A) that A recognizes is defined in the same way.

Theorem 6. A hedge language is context-free iff it is recognized by a PDHA.

Similar to Theorem [T} this theorem will be proved in the more general context
of transducers in the next section.

5 Hedge Transducers

Here we define a hedge version of translation grammars and more operational
push-down hedge transducers, and show that they are equally expressive. In this
section we assume two signatures X' and X° for input and output, and define
the signature ¥ by X; = { f’ } feXitu{fe|feXe}fori=0,1, where ‘’ and
©7 are used to distinguish where the symbols are from.

Definition 13 (hedge translation grammars). A hedge translation gram-
mar (HTG) is G = <ZI,E°7D7d0,R>, where dy € D, and R C D x H(X, D) is
a finite set of translation rules. Given e € H(X, D), s € H(X") and t € H(X°),
we define R e: s <t by the following inference rules:

Rte:s—=t RFe:s" =t Rre:-gest

Rbe:ie—=e Rbee :ss —tt Rbd:s—t
Rbe:s—t RFe:s—t

Ricd:c—=e RFfi(e):f(s)—»t REFC:ec RF foe):s— f(t)

ifd—e€R

We say G generates the hedge relation —g C H(X') x H(X°), where s —¢
t <= RtFdy:s—t. A context-free hedge relation is such a relation that is
generated by some hedge translation grammar.

12



Ezample 5. Consider hedge translation grammar G ,q—xm1 consisting of the fol-
lowing translation rules:

section; = # _ tree®(title®(line \n') body®(lines) sections*)
sectiony ==# # _ tree®(title®(line \n') body®(lines) sections*)

line ::= ¢ | char line | element line lines ::= ¢ | line \n' lines
element ::=br'() br°() | em'(em®(lines)) | --- char == _ °|a a° | A A° |- ..

Following derivation illustrates how Gq—sxm1 translates the hedge t,,q of Exam-
ple [I] to hedge tym,.

Rbline:wy, —w; RF\n':\n<—e

RF line \n' : wy \n < w1 Rb ... ..
RE# :#<se RE_:_<ye R F title®(line \n')... : w1 \n... = title(wy)...
RE#_:#_ ¢ R | tree®(title® (line \n')...) : wy \n... < tree(title(ws)...)

R b # 1 trec®(title® (line \n')...) : # w1 \n... < tree(title(w1)...)
R | sectiony : #_w1 \n... — tree(title(wr)...)

In order to translate a hedge into another, it is not enough to check if s < ¢
holds for given s and ¢, but one must compute such ¢ (if exists) from given
s. Therefore we provide such semantics using (push-down) hedge transducers.
Compared to the automata case, configurations additionally maintain the cur-
rent output, and worklist may contain tasks for output.

Definition 14 (push-dowp hedge transducers). A push-down hedge trans-
ducer (PDHT) is T = <E',E°,Q,qo,6> where § C @ x X(Q)" x Q*. The

relation —s over configurations in Q* X H(X") x H(X°) x W*, where W =
(Q x H(EM) & (X° x H(X®) x Q*), is defined as follows:

1. q i> v € § implies {(qw, s,t, W) —s (vw, s, t,W);

q c—> v €6 implies (quw,cs,t, W) =5 (vw, s, t, W);

q M v € § implies (qw, f(s)s',t, W) =5 (¢, s,t, (vw, ') W);
<€7 67 t’ <w7 S> W> *>6 <w7 S’ t? W>7.

q = v € § implies (qw,s, t, W) =5 (vw,s,te, W);

q M) v € § implies (qw, s,t, W) =5 (¢, s,&,{f, t,vw) W);
(e,8, U/, {f,t,w) W) =5 (w,s,t f(t'),W).

NS s o

The first four items correspond to those of push-down hedge automata, with ad-
ditional argument ¢ for the current output. Item 5 specifies to output a character
at the end of the current output. Item 6 specifies to output a function symbol
f; to specify how to output the arguments, it tells to move to state ¢’ with fresh
output, and push the task to write the resulting output as the argument of f,
append to the previous output ¢, and proceed to the state stack vw. Item 7
specifies to do so when reaching the final state €.

13



In the rest of the section, we prove that push-down hedge transducers char-
acterize the context-free hedge relations. As in the string case, we first transform
HTGs into Greibach normal forms. The classes of hedge grammars defined in
Definition [2| are extended to hedge translation grammars in the obvious manner.

Theorem 7 (Greibach normal form). Fvery HTG G has an equivalent
Greibach normal form G, i.e., =g = —¢q.

Before the main transformation, we need to resolve the structure of grammars
due to the hedge structures.

Definition 15 (shallow). We say a context-free hedge (translation) grammar
is shallow if all occurrences of f(e) in the rules satisfy e € D.

Lemma 3. Every HTG has an equivalent shallow HTG.

Proof. Let G = <Ei, Z°,D,d0,R>. We prove by induction on ng, the number
of occurrences of f(e) with e ¢ D in the rules R. If ng = 0, then G is already
shallow. Otherwise, pick one such f(e) and a fresh nonterminal d.. We define
G = <Zi72°,D W {de},do,R/>, where R’ consists of the rules in R where all
occurrences of f(e) are replaced by f(d.), and additionally contains d. — e. It
is easy to see that G’ generates the same relation as GG, and ng' < ng. Hence,
we are done by TH. O

The main step towards Greibach normal forms is the transformation to a
realtime form. This transformation can be done as in the string case, but for
completeness we present one.

Lemma 4. Every HTG has an equivalent realtime shallow HTG.

Proof. Thanks to Lemma [3| we consider shallow HTG G = <Ei, 2°, D, dy, R>.
Index nonterminalﬂ D = {dy,...,dp|-1} and let L(R) = {d’' |d — d'e € R}.
We inductively construct R; that satisfies invariant L(R;) C {di, e ,d‘D|_1}.
Hence, R|p) is realtime, and the following transformations trivially preserve shal-
lowness.

For the base case, just take Ry = R. For the inductive case, consider R;

satisfying the invariant. We first remove rules of form d — d; e with d # d;.
Denote the set of such rules by X = {d — d; e € R; | d # d;}, and define

R =R\XU{d—¢ée|d—diecX,d —¢ceR}
Note that R’ maintains the invariant. Moreover, d — d;e € R’ only if d =

d;. Denote the set of those rules by X’ = {d; — d;e € R'}. Let d; be a fresh
nonterminal, and define

3 For notational simplicity we index the initial nonterminal do by 0, but obviously
there is no need to do so.
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R'=R\X' U{d; »ed;|di—ecR\X}U
{d; > e d,—ed|d —decR, e#c}

The equivalence of R” and R’ is proved in the same way as in the string case.
Note that the invariant may fail: d; — d;e € R” if d; — d;dje € R, but now
we can easily remove such rules. Let X” = {d} — dje € R” | j < i} and define

Rigr = R'\X"U{d, = ce|d, —d;jee X", d; — ¢ € R"}
It is easy to see that L(R;11) = L(R;) \ {d;} C {di+17 . ,d\D\—1}~ O

Proof (of Theorem @ Thanks to Lemma we only have to consider a realtime
shallow HTG G = <Zi7 E°,D,d0,R>. Let X (R) denote the rules in R that do
not satisfy the condition of Greibach. If X (R) = (), then G is already in Greibach
normal form. Otherwise, pick d — e € X(R). Due to the assumptions, e is of
form af; ... By, where a € ¥(D) and ; € X(D) U D. Let d; be ; if 3; € D
and a fresh nonterminal otherwise. Define

It is clear to see RE e’ : s >t < R be :s<—=t Wesee X(R') C X(R):
Since G is shallow, 5; ¢ D implies 8; € X (D). Hence, repeating the process we
reach to a Greibach normal form that generates the same hedge relation. O

We remark that shallowness is necessary for the above proof to work. If G is
realtime but not shallow, then R’ contains d; — [3; for complex 3;, which is not
necessarily realtimeﬁ

We arrive at the final result of the section:

Theorem 8. A hedge relation is context free iff it is recognized by a PDHT.

Proof. Observe that the following mapping ¢ is bijective between Greibach nor-
mal forms and PDHTs: For translation grammar G = <Zi,2°7D7d0,R> in
Greibach normal form, PDHT ¢(G) = <Zi, X°,D,dy, 5> is defined by

§:={dSec|ldvecRU{dSdi...dy|d—> ady...d, € R}

where « ranges over X (D). We conclude by showing R F d : s — ¢t <=
(d,s,e,e) =% (e,¢,1,¢).

(=) We show more generally that RF d : s < ¢ implies ¢ = (dw, su, v, W) —}
(w,u,vt, W) = r for any w, u, v, and W, by induction on the derivation of
Rt d: s t. We consider the following cases:

—d—ccRand RF-e:s<—t. Then s =t =¢ and d > ¢ € §. Hence
L= {dw,u,v,W) =5 (w,u,v, W) =r.

4 One can consider transforming to realtime form in every iteration, but then the
termination argument becomes more involved.
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—d—ddy...dy e Rand RF¢dy...dy:s<st Thend s dy...dy, €6,
s =¢81...8,, and t = ty...t, with R - d; : s; — t; for all i. We
conclude the claim as follows:

=5 {dy...dyw,s1...8,u,v, W)
—3{dy...dyw,sy...spu,vty, W) byIHfor RFdy:s3 <t

=5 (w,u, vty .. ty, W) =7 by IH for Rt d,, : 8, <> ty,.
i/ i/ fi(d/)
—d— f'(d)dy...d, € Rand RF f'(d')dy...dy, : s = t. Then d —=
dy...d,€0,s=f(s)s1...8n,and t =t't1...t, with R-d' : s — ¢
and RF d; : s; — t; for all .. We conclude as follows:

=5 {d s v, (dy...dyw,s1...8,u) W)
=3 (e, e,vt', (dy...dyw,s1...8,u)W) byIHfor R-d :s <t

—s{dy...dyw,sy...spu, vt W) =35 r same as above.

—d—cdy...d, e Rand R+ c°dy...d, : s —t. Thendidl...dn S
6,8 =2581...8,, and t = cty...t, with R+ d; : s; — t; for all i. We
conclude ¢ —s (dy...dpw,s1...5,u,va, W) —5 r where the last step
is the same as above. ot

—d— fo(d)d;...dy € Rand RF fo(d')ds...dy : s t. Then d %
dy...d,€06,s=8s1...8p,and t = f(t')t1...t, with REd' : s —
and Rt d; : s; — t; for all i. We conclude:

C—s{d su,e, (f,v,dy...d,w) W)
=5 (e, 81 spu, ', (fyv,dy ... dyw)W) by IH for R-d' :s" <t
=5 {dy...dyw,s1...55u,v f(t), W)
=5 (wyu,v f(t) by b, W)y =7 same as above.

(<) We show by induction on k that £ = (w,su,v, W) =% (c,u,vt, W) = r
implies R+ w : s < t, where w € D*. If k =0 then w = s =t = ¢ and the
claim follows immediately. Otherwise, the following cases are possible.

l.d 5 e € R, w=dw, and £ —s (W, ,su,v,W) —>§_1 r. Then by IH
REw' :s < t, and hence the claim follows.

2.d—cdw € R, w=duws, s=cs', and £ —5 (wy wa, s u,v, W) —>’§71 T.
Then by IH, RFwiws : s’ < t. So R 1wy : 81 < t; and R+ wg : 59 <
to with s’ = 5159 and t = ¢ to. We conclude as follows:

—_—— IH
RbEc:c—e¢ RFw1:51‘—>t1( )

Rbcdws:csy =ty
RFd:051C—>t1 RF’UJQZSQ‘—)tQ
Rl—dwgzcslsgf—>t1t2

(TH)
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3.d— fi(d)w € R,w=duwsy, s= f(s')s", t=tt" and

0= (dwa, f(s') 8" u,0, W) =5 (d', s, v, (wy wa, 8" u) W)
_)(75774 <€7 g, Ut/a <’lU1 w2, S” ’LL> W>
—5 (wy wa, 8" w, vt WY =572 ey vt/ W) =
Asm,k—m—-2<k,byl[Hwehave R+-d' : s’ <t and R+ wywsy : s —
t"”. Hence we obtain s” = s s9 and t”/ = t1 t5 such that R+ wq : 81 < 1
and R wsy : s9 < t3. We conclude similarly to the previous case.
4. d = Pwy € R, w =dws, t = ct/, and £ —5 (wy wa, su,ve, W) —>§_1
(e,u,vet’ ;W) =r. Then the arguments are the same as case 2.
5. d— fo(d) w1 € Ry,w=dwy, s=¢5"s"t=f(t')t' and

0= (w,s s" u,v, W) =5 (d',s" s" u,e, (f,v,w1 wa) W)
=3 (e, 8" u, t' (f, v, w1 wa) W)

=5 (wiwa, 8" u,v f(t), W) =572 (e, u,0 f(E) W) =

Then the arguments are the same as case 3. a

6 Implementation

Based on our theoretical development, we implemented an XML-processing tool
TXtructP] in Java. The command line of TXtruct is as follows:

java -jar txtr-wversion.jar txtr-file input output

where txtr-file is an XML file representing a hedge translation grammar G, input
is a file representing the input hedge s, and output is the file to which a hedge ¢
such that s < ¢ will be written. The grammar of tztr-file is as follows:

tatr-file = <txtruct (method="method")’>
<input method="method"/>" class-declaration® expression*
</txtruct>

The two methods indicate the output and input formats, in regular expression
xml(-fragment)’ | html(-fragment)’ | text. A class-declaration of form

<class name="d">
<option level="{;">ej</option>...<option level="/,">e,</option>
</class>

defines a family {d;},. of nonterminals with dy — e; € R whenever £ < {;. The
last sequence of expressions specifies dy ::= e;...e,. Constructions of expres-
sions are as follows:

5 Available at https://github.com/AkihisaYamada/TXtruct!
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TXtruct Format Description

Input method is XML.

name :>= [A-za-z_][0-9A-Za-z_\-]* /* Names of elements or attributes. *
method ::= xml(-fragment)?|html(-fragment)?|text /* Input/Output method specification. *
occur-atfributes ::= (maxoccurs=" [6-9]+|unbounded " )° /* Attribute for maximum occurrences. *
(minoccurs=" [6-9]+ ")? /* Aliribute for minimum occurrences. *
mode-atfribute ::= mode=" in]out|io|dummy " /* Attribute for prettyprinting the transformer input syntax. ‘out" and ‘dumm
expression ::= <in-element /¥ Reads into an element. *
name=" pame " /* The tag name of the element. *

occur-attributes
(as=" name ")° /* Gives a name to the process result. *

expression™ /* Processor sequence applied on the attributes or content of the element. *

</in-element>

| <read-element /* Reads an element, without processing its content. *

Fig.3. The HTML obtained by transforming txtr2html.txtr by itself.

— <group>e; ...e,</group> representing ej ... e,.

— <call ref="d" (level="/")"/> representing nonterminal d (or d).

— <match pattern="p" (as="x")"/> representing p', but p is allowed to be
a regular expression as defined by the Java regular expression library. One
can save the match result by specifying attribute as="z", and output the
matched text by <value-of select="ax/match"/>.

— <in-element name="f">e</in-element> representing fi(e).

— <text>c;...c,</text> representing c§...cS.

— <element name="f">e</element> representing f°(e).

These elements can have occurrence indicators like XSD; e.g., <call ref="d"
minOccurs="0" maxOccurs="unbounded"/> represents d*.

The release of TXtruct contains a translation rule file txtr2html.txtr,
whose input is a TXtruct rule file and output is an HTML prettyprint of
the grammar defined by the input rule file. Hence, by defining a grammar in
TXtruct, one obtains an HTML description of the grammar for free. Moreover,
since txtr2html.txtr itself is a valid TXtruct rule file, it can transform itself
and prettyprint the input format of TXtruct (see Fig. |3).

7 Conclusion

We have introduced context-free hedge grammars and translation grammars.
We have proved that the class of hedge languages generated by regular hedge
grammars corresponds to the existing class of regular hedge languages. We then
introduced a top-down definition of hedge automata, which we also proved to
be equivalent to the existing bottom-up definition. Our top-down definition led
to the extension to push-down hedge automata and transducers. We proved
that relationships among them hold as in the string case. Finally, based on the
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theoretical development we implemented the tool TXtruct. TXtruct has been
incorporated into a document analysis tool Tact and used in industry.

For practical reasons, TXtruct implementation goes beyond the theory pre-
sented in this paper. For instance, TXtruct resolves nondeterminism in the man-
ner of parsing expression grammar [For04]; has methods to read/write attributes
and comments; allows calling nonterminals with parameters; allows cascading
output into another transformation. We leave formalizing these details for fu-
ture work. Finally, while our main focus was on translating documents, TXtruct
can be used to validate if a document is in a hedge language. We expect our work
to be a basis for developing techniques to verify that a given hedge translation
grammar always results in a desired hedge language.

Acknowledgments The first author would like to thank Hitoshi Ohsaki and
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A Omitted Proofs

Lemma 5. Every HTG G has an equivalent shallow HTG G"" without direct
left recursion, i.e., rules of the form d — de.

Proof. Thanks to Lemma we start with a shallow HTG G° = <Ei, X°. D, dy, R>.
Let L(d) be the set of l-recursive rules in R. If L(d) = () for every d € D then we
are done. Otherwise, pick d with L(d) # 0. Let d’ be a fresh nonterminal, and
define G’ = <Ei, Y°.DW {d’},do,R’>, where

R =R\ L(d)U{d—ed|d—eeR\L()}U
{d—e d —ed|d—deeL(d), e+#c}

Repeatedly applying the process we can remove all l-recursive rules. It is clear
that G’ is shallow as G® is. It remains to show RFe:s—t < R Fe:s—t.

(=) By induction on the derivation. The only nontrivial case is R-de:s—t
with d — de € L(d). We show that this implies R’ ¢’ d’ : s < ¢ for some
d— e € R\ L(d); then we easily conclude R'+d:s—tasd—e'd € R.
We prove the new claim by induction on the derivation of R - de : s < t.
We know that s and ¢ are split into s = s’ s and t = ¢'t” such that R+ d :
st and RFe:s” —t”. We have R' Fe: s” — t” by outer IH. We do
case analysis.

— Suppose that there exists d — de’ € L(d) with R - de’ : s/ — ¢.
Then inner IH gives d — ¢” € R\ L(d) such that R' +e"d' : s — .
Then we know s’ and t’ are split into s’ = wu’ and ' = vv’, such that
Rre":u—wvand RR+d :u — v'. Since d — e¢'d € R, we derive
REd:us" — vt’ Weconclude R Fe"d :uu's” — viu't’ ie.,
REe'd :s—t.

— Otherwise, we must have d — ¢’ € R\ L(d) and R+ ¢ : s — t/. We
conclude R'+e'd :s—t,since R +d :s8" —t"asd —ecR.

(<) By induction on the derivation. The only nontrivial case is R’ Fd: s <t
dueto R'+ed :s—tford—e€ R\ L(d). Then we have R' e : s — t/
and R'Fd : s — t" for s = s's” and t = t't”. By IH we have R - e :
s — t', and hence R+ d: s — t' as d = e € R. We conclude by showing
that R-d:s — t and R'+d' :s" — ¢ implies R+-d : s's"” — t't" by
induction on the derivation of R’ +d' : " < t”.

— Suppose that R’ e’ : 8" — " for d — de’ € L(d). By outer IH we have
REe :s"— ' With R-d:s <t we conclude RF-d:s's" < t't'.
— Suppose that R' - ¢e'd" : s” < t” for d — de’ € L(d). Then we have
RbEée:u—vand RR-d :u — v for 8 = uu' and t = vov'. By
outer IH we have Rt ¢’ : u < v, and with inner IH, R+ d : s’ u — t'v.
Since d — de’ € R, we conclude R+d: s’ uu' < t'vv'. O
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B On Context-Free Word Grammars Generating
Matched Tags

This section studies context-free word grammars that generate matched tags and
proves Lemma

Let G = (N, W, R) be a context-free word grammar over a paired alphabet
2 =30U{f,f | f € 21} For simplicity, we assume that X = () in this section.
This does not essentially affect the following argument: one can consider another
signature X’ with X = () and X} = Xy U X, and replace ¢ with éc.

We assume that (1) every non-terminal N € N is reachable (i.e. W —* aNpj
for some sequences « and f of terminals and non-terminals) and (2) every non-
terminal produces a word. This assumption does not lose generality since we
can simply remove a non-terminal that violates the above requirement without
changing the generated language.

A word w over Y is matched if w = § for some hedge s. We assume that
L(G) = H for some hedge language H, so w € L(G) implies w is matched. The
following argument is a slightly more detailed version of Minamide and Tozawa’s
analysis [MT06] of matched words and context-free grammars.

A substring w of a matched word v = vgwwv; can be canonically decomposed
as follows:

w = mofimifoma...mp_ 1 faMaGiMag1 - Magk—1G6Mntk
for some n, k > 0, where my, . . ., my, 1k are matched words. We call f1 ... f,d1 ... gk

the shape of w and write as fw.

Lemma 6. Let G = (N, W,R) be a context-free word grammar generating only
matched words. For a N € N, the shapes of words generated by N are finite,
i.e.,

{tw | w € L(N)} is a finite set.

Proof. Since N is reachable, W —* a/N§ for some sequences «, 8 of terminals
and non-terminals. By rewriting the non-terminals in « and 3, one obtains W —*
vNwu. The shape of v and v must be

o= fifa... fn fu = grgr—1... g1

since w € L(N) for some w and vwu is matched. For every w € L(NN), the word
vwy is matched. This means that

bw € {fnfoot... figigits - ge |i<n,i <k, f;j=g;forevery j=1,...,i—1}.
So {fw | w € L(N)} has at most n elements. O
Let §N = {fw € w € L(N)}.

Lemma 7. Let G = (N, W,R) be a context-free word grammar generating only
matched words. There exists a grammar G' = (N', W', R') that satisfies the
following conditions:
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- L(G@) = L(G).
— G’ is in Chomsky normal form.
— #N’ is a singleton for every non-terminal N € N.

Proof. For simplicity, we assume that G is in Chomsky normal form. Of course,
this does not lose generality. The non-terminals of G is given by {N() | N ¢
N,p € §N}. This is a finite set by Lemma @ We aim to provide rules such that

L(N®) = L(N) (1 {w | w0 = p}.
The rules are given as follows:

—If (N = NiN,) € R, then (N®) — NPIN2)Y € R/ for p; € §N; and
p2 € §N2 with p = (p1p2).

— If (N = a) € R and a = p, then (N — a) € R'.

— If (W =€) € R, then (W®) —¢) e R.

The start symbol is W (). It is easy to see that G’ has the required properties.
O

For a grammar satisfying the conditions in the previous lemma, we write 1V
for the unique shape of w € L(N). If 4N = f1 ... fud1 ... gk, thenc¢(N) = f1... fn
and o(N) = ¢i ... gi. We write |¢(N)| and |o(N)| for their lengths.

Proof (of Lemma @ Let H be a hedge language and assume that H is context
free. Then there exists a context-free grammar G = (N, W, R) that generates
H. By Lemma @ we can assume without loss of generality that G satisfies the
conditions in Lemma [1

For a non-terminal N € A" and a prefix a of §N, we define L(N)(®) as the
word language defined as

J{path(s) | vsv' € L(N), a=tv, §N = (fv)(#')}.

Note that the condition N = (fv)(fv') means that no tag in fv matches a tag in
fo’. In other words, either fv has no open tag or v’ has no close tag (or both).
Then the path language path(H) is equivalent to L(W)®).

We give a grammar consisting of non-terminals generating L(N)(®). Let

N'={N® | N eN, ais a prefix of N }.

The start symbol is W (). The rules are given as follows. Let N € N and « be a
prefix a of V. Assume a = acagp, where ac and ap consist of close and open
tags, respectively. The rules for the non-terminal N(® are given as follows:

— (N® s ¢)eR.
— Assume (N — N1Ny) € R.

/,

o If afi ... fy is a prefix of g1, then

(N@ S f L fuN©@f Iy e g7,
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o If {N; = afl e fk and fk. . fi+1 is a prefix of /N, then
(N® s p L fNGefy e g,
o If 8 is a prefix of §Ny and a = §((£V1)3), then
(N® o NPy e R

It is not difficult to see that L(N®*)) = L(N)®). Since the above rules are of
the form M — gM’ where M, M’ are non-terminals and g is a (possibly empty)
sequence of terminals, these rules actually generate a regular language.

We prove L(N)® C L(N®). Let p € L(N)®. Then w = vsv' € L(N)
and a = fv and §N = (fv)(fv’). We prove p € L(N(®) by induction on the
number of production rules to derive w € L(N). If the length is 1, the production
must be N — f or N — f So p = € and we have N(® — ¢, Assume that
N — N1N2 —* ysv.

— Case v = v1ve and v; € L(Ny) and vgsv € L(N3): Then B8 = tv, fvg =
N1 = Bifi... fo and fv2 = fu... f13> for some By, fBo, f1,..., fa. Since
there is no match in (fv)(#v’), there is no match in Ba(fv’), hence (fvs)(fv')
has no match. Therefore (fvg)(fv’) = No. Then p € L(NQ(MQ)) by the IH, so
N@ NQ(MQ) —* .

— Case v/ = vjvh and vsv] € L(N;p) and vy € L(N3): Then p18, = #v/,
fv] = Bif1-.. fn and f0h = 4Ny = f,, ... f182 for some 51,55, f1,.--, [n-
Since there is no match in (fv)(#v’), there is no match in (fv)8], hence
(fv)(fv1) has no match. So (fv)(fv]) = §N1. By the IH, p € L(Nl(a)). Then
N@ 5 N e,

— Case § = s189 and vsy € L(Ny) and sov’ € L(INy): We can assume without
loss of generality that s = f(s’) (by choosing the component that the path p
belongs to). Since #(s1s2) = €, 151 consists only of open tags and s, consists
only of close tags. So

= flofity .. tx_1 frtr
S9 —tk ktk 1- tllfltf)f

A tail of the path p belongs to one of tg,t1,. .., ¢k, t, ..., t1, .
e Assume that the tail of the path belongs to ¢;. Thenp = ff1.. fzp for
some p’ € path(t;). Since (§v) f f1 .. fz is a prefix of $N7 and #(fiy1fip1 . .
firt .. fk, we have p € L(N150) We have N@) —s £, ... f,N{*Ffr-

ffl f’L .
e Assume that the tail of the path belongs to ¢;. Then p = ff1 fzp for

some p’ € path(}). Since #; . .. f1f(#0') is a suffix of #N, and ﬁ(t;cfktk 1

tﬁf,kt;) =
fl)

z‘+1fi+1) =

fk...fi+1,wehavep’eL(Ngfk i)y We have N@ s £ f NS f1+1>—>

ffl e fip/-

The inclusion of the other direction can be easily proved. a
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